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We present analytical results on transport properties of many-mode waveguides with randomly
stratified disorder having long-range correlations. To describe such systems, the theory of 1D trans-
port recently developed for a correlated disorder is generalized. The propagation of waves through
such waveguides may reveal a quite unexpected phenomena of a complete transparency for a sub-
set of propagating modes. We found that with a proper choice of long-range correlations one can
arrange a perfect transparency of waveguides inside a given frequency window of incoming waves.
Thus, mobility edges are shown to be possible in quasi-1D geometry with correlated disorder. The
results may be important for experimental realizations of a selective transport in application to both
waveguides and electron/optic nanodevices.
PACS numbers 72.10.-d; 72.15.Rn; 73.20.Fz; 73.20.Jc; 73.23.-b
During last few years there is a burst of interest to
the problem of localization-delocalization transition in
systems with correlated disorder (see, e.g., [1,2] and ref-
erences therein). This fact is due to the possibility to
observe an anomalous transport in 1D models with ran-
dom potentials. In particular, it was shown [2] that spe-
cific long-range correlations give rise to a complete trans-
parency of electron waves for given energy intervals. Ex-
perimental realization of such potentials for single-mode
waveguides with delta-like scatters [3] has confirmed the-
oretical predictions.
The subject of wave propagation through disordered
many-mode waveguides is important both from the theo-
retical viewpoint and for experimental applications such
as optic fibers, remote sensing, radio wave propagation,
shallow water waves, etc (see, for example, [4]). It has
also a direct relation to the problem of electronic trans-
port in mesoscopic conducting channels. So far, main
results in this field have been obtained for random po-
tentials of white-noise type. However, there are many
physical situations where this assumption is not cor-
rect. Therefore, the understanding of generic properties
of transport in the models with correlated disorder is im-
portant for the modern theory of electron/wave propaga-
tion. It should be also stressed that existing experimental
technics allow for the construction of systems with so-
phisticated scattering potentials resulting in anomalous
transport properties [5].
In this paper we study transport properties of quasi-1D
waveguides with a stratified bulk disorder that has long-
range correlations. Our main interest is in exploring the
possibility of constructing such random potentials that
result in frequency windows of a perfect propagation of
waves.
In what follows we consider a plane waveguide (or con-
ducting wire) of width d, stretched along the x-axis. The
z-axis is directed perpendicularly to the waveguide so
that its lower edge is z = 0 and the upper one is z = d.
The waveguide is assumed to have a stratified (along the
x-axis) region of the length L (|x| < L/2). As a physically
plausible model for such a disorder we consider random
potential V (x) with the zero average, 〈V (x)〉 = 0. The
angular brackets here and below stand for the statistical
average over realizations of the random function V (x).
Its correlator 〈V (x)V (x′)〉 = W(|x − x′|) is assumed to
have a maximal value at x = x′ and to decrease with an
increase of |x−x′|. For statistical treatment of the prob-
lem it is also important to assume that the characteristic
scale of the decrease of W(|x−x′|) is much less than the
length L of the scattering region.
We shall characterize transport properties of the
waveguide by its transmittance T (L) that within the lin-
ear response theory is defined by the Kubo’s formula [6],
T (L) = − 4
L2
∫
d~r d~r′
∂G(~r, ~r′)
∂x
∂G∗(~r, ~r′)
∂x′
. (1)
Here the integration with respect to ~r = (x, z) runs over
the disordered region. Since the potential V (x) does not
depend on z, the retarded Green function has the form,
G(~r, ~r′) = 2
d
Nd∑
n=1
sin
(πnz
d
)
sin
(
πnz′
d
)
Gn(x, x
′) . (2)
Here Nd = [kd/π] is the total number of propagating
waveguide modes (conducting channels) determined by
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the integer part [...] of the ratio kd/π. The wave number
k is equal to ω/c for a classical scalar wave of frequency
ω, and to the Fermi wave number for electrons.
By substituting Eq. (2) into Eq. (1), we come to the
Landauer’s formula [7],
T (L) =
Nd∑
n=1
Tn(L), (3)
with Tn(L) being obtained from Eq. (1) in which the in-
tegration is performed over x, x′ only, and G is replaced
by Gn. The mode Green function Gn(x, x
′) is entirely de-
termined by the 1D equation with the random potential
V (x) and lengthwise wave number kn =
√
k2 − (πn/d)2,[
d2
dx2
+ k2n − V (x)
]
Gn(x, x
′) = δ(x− x′). (4)
From Eq. (3) one can see that the total transmittance
T (L) of a quasi-1D stratified structure is expressed as a
sum of partial transmittances Tn. Every transmittance
Tn describes the transparency of the corresponding nth
propagating mode. In such a way we reduce the trans-
port problem for the quasi-1D disordered system to the
1D random model (4) of wave scattering in every nth
channel. Eq. (4) can be solved by one of the methods
developed in the transport theory of one-dimensional dis-
ordered systems, such as the perturbative diagrammatic
method of Berezinskii [8], invariant imbedding method
[9], or the two-scale approach [10].
The main result is that the average partial transmit-
tance 〈Tn〉 as well as all its moments, are described by
the universal function that depends on one parameter
Λn ≡ L/Lloc(kn) only (one-parameter scaling). The
quantity Lloc(kn)/4 is, in fact, the backscattering length
for n-th propagating mode. The inverse value L−1loc(kn)
is equal to the corresponding Lyapunov exponent that
can be found in the transfer matrix approach, so that
the quantity Lloc(kn) is the localization length [11] asso-
ciated with a given 1D channel.
Since general expression for the mode transmittance
has quite complicated form (see, e.g., Ref. [10]), here we
refer to limit cases only. Specifically, for large localiza-
tion length, Λn = L/Lloc(kn) ≪ 1, the transmittance
〈Tn〉 exhibits the ballistic behavior and the correspond-
ing nth normal mode is practically transparent,
〈Tn〉 ≈ 1− 4Λn. (5)
On the contrary, the transmittance is exponentially small
when the localization length is much less than the length
of the waveguide, Λn ≫ 1,
〈Tn〉 ≈ π
5/2
16
Λ−3/2n exp(−Λn). (6)
This implies strong wave localization in a given nth chan-
nel. Since in this case the transmittance Tn is not a self-
averaged quantity, it is more reasonable to deal with its
average logarithm, 〈ln Tn〉 = −4Λn.
Thus, in order to describe transport properties of a
quasi-1D waveguide with 1D bulk disorder, the value of
localization lengths Lloc(kn) should be known. From the
solution of the equation (4) one can obtain [8–10],
L−1loc(kn) =
W (2kn)
16k2n
, (7)
where W (kx) is the Fourier transform of the binary cor-
relator W(|x− x′|) for the scattering potential,
W(|x− x′|) =
∫
∞
−∞
dkx
2π
exp[ikx(x− x′)]W (kx). (8)
The main feature of the expression (7) for Lloc(kn) is
its dependence on the mode index n. One can see that
the larger n is, the smaller is Lloc(kn) and, consequently,
the stronger is the coherent scattering within this mode.
This dependence is quite strong due to the squared wave
number kn in the denominator of Eq. (7). Evidently,
with an increase of the index n the value of kn decreases.
An additional dependence appears because of the power
spectrum W (2kn). Since the correlator W(|x − x′|) is a
decreasing function of |x − x′|, the numerator W (2kn)
increases with n (it is a constant in the case of the delta-
correlated potential only). Therefore, both the numerator
and denominator contribute in the same way for the de-
pendence of Lloc(kn) on n. As a result, we arrive at the
concept of hierarchy of mode localization lengths,
Lloc(kNd) < Lloc(kNd−1) < ... < Lloc(k2) < Lloc(k1).
Thus, a remarkable phenomenon arises. On the one
hand, the concept of one-parameter scaling holds for any
of Nd channels whose partial transport is characterized
solely by the value of Λn. On the other hand, this concept
turns out to be broken for the total waveguide transport.
Indeed, due to the revealed hierarchy of Lloc(kn), the to-
tal transmittance (3) depends on the whole set of scaling
parameters Λn. This fact is in contrast with quasi-1D
bulk-disordered models, for which all transport proper-
ties are described by one parameter only. In this sense,
our model is similar to quasi-1D waveguides with rough
surfaces, for which the similar hierarchy of attenuation
lengths was recently found [12,13].
The interplay between the hierarchy of Lloc(kn) and
the one-parameter scaling for 〈Tn〉 leads to that, in gen-
eral, quasi-1D stratified structures exhibit three trans-
port regimes.
(I) If the largest of the localization lengths, Lloc(k1),
is much less than the waveguide length L,
Lloc(k1)≪ L, (9)
all the propagating modes are localized and the waveg-
uide is non-transparent.
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(II) On the contrary, when the smallest localization
length Lloc(kNd) is much larger than L,
Lloc(kNd)≫ L, (10)
all the propagating modes are open (〈Tn〉 ≈ 1) and the
waveguide has almost perfect transparency. The total
ballistic transmittance in this case is equal to the total
number of the propagating modes, 〈T (L)〉 = Nd.
(III) The intermediate situation arises when Lloc(k1)
of the first mode is larger, while Lloc(kNd) of the ”last”
Nd-th mode is smaller than the waveguide length L,
Lloc(kNd)≪ L≪ Lloc(k1). (11)
In this case a very interesting phenomenon of the coexis-
tence of ballistic and localized transport occurs. Namely,
while lowest modes are in the ballistic regime, highest
modes are strongly localized.
As a demonstration, let us consider waveguides with
a large number of conducting channels, Nd = [kd/π] ≈
kd/π ≫ 1, and with potentials having the widely used
Gaussian correlator,
W(|x|) = W0k0π−1/2 exp
(−k2
0
x2
)
,
W (kx) = W0 exp
(−k2x/4k20) . (12)
It is convenient to introduce two parameters
α ≡ L
Lwloc(k1)
=
W0L
16k2
, δ ≡ L
w
loc(kNd)
Lwloc(k1)
=
2{kd/π}
(kd/π)
≪ 1,
(13)
where Lwloc(k1) and L
w
loc(kNd) refer, respectively, to the
largest and the smallest localization lengths in the limit
case of the white-noise potential (k0 → ∞), and {kd/π}
is the fractional part of the parameter kd/π.
By applying the above discussed approach, one can
find that for Gaussian correlations (12) all the propa-
gating modes are localized when α ≫ exp(k2/k2
0
). This
inequality is stronger than that valid for the white-noise
case, α≫ 1. The intermediate situation occurs when
exp(k2/k2
0
)≫ α≫ δ exp(δk2/k2
0
). (14)
One can see that the longer range k−1
0
of the correlated
disorder is, the simpler are the conditions (14) of the co-
existence of ballistic and localized transport.
Finally, the waveguide is almost perfectly transparent
in the case when α ≪ δ exp(δk2/k2
0
). In particular, at
any given value of α ≫ 1 (fixed values of the waveguide
length L, wave number k and the disorder strength W0)
the ballistic transport of all the conducting channels can
be realized by a proper choice of the stratified correlated
disorder. From Eq. (14) one can also understand under
what conditions the coexistence of ballistic and localized
modes can be achieved for the standard white-noise case.
The fundamentally different situation arises when the
stratified medium has specific long-range correlations. To
show this, we would like to note that the localization
length Lloc(kn) of any nth conducting channel are en-
tirely determined by the dependence W (kx), see Eq. (7).
Therefore, if W (2kn) abruptly vanishes within some in-
terval of wave number kn, then Lloc(kn) diverges and
the corresponding propagating mode appears to be fully
transparent for any length of the waveguide. Thus, it is
naturally to ask how to construct such random profiles of
stratified medium that result in a complete transparency
of waveguides within any desired frequency region. The
answer to this question can be found from a generaliza-
tion of the methods developed in Refs. [2,14]. Specifically,
having a desirable dependence for the randomness power
spectrum W (kx), one should obtain the function β(x)
whose Fourier transform is W 1/2(kx). Then, the random
potential V (x) can be constructed as a convolution of
white noise Z(x) with the function β(x),
V (x) =
∫
∞
−∞
dx′ Z(x− x′)β(x′). (15)
We emphasize that the transition between localized and
ballistic wave/electron transport can be arranged in an
abrupt way at any given point inside the allowed interval
for kn. In order to achieve such a transition, it is conve-
nient to take W (kx) with a discontinuity at the desired
point. In other words, the random potential V (x) should
be of a specific form with long-range correlations along
the waveguide.
To show how to arrange a sharp transition, let us take
a random potential V (x) with the following power spec-
trum W (kx),
W (kx) = W0 Θ(|kx| − 2k0), (16)
where Θ(x) is the unit-step function and the characteris-
tic wave number k0 > 0 is a correlation parameter to be
specified. According to Eq. (15), the random potentials
having such correlator can be constructed as
V (x) = W
1/2
0
[
Z(x) −
∫
∞
−∞
dx′ Z(x− x′) sin(2k0x
′)
πx′
]
.
Now one can see that in the case under consideration
all low modes with wave numbers kn > k0 have finite
localization lengths while for high modes with kn < k0
the localization lengths diverge,
L−1loc(kn > k0) = W0/16k
2
n, L
−1
loc(kn < k0) = 0. (17)
Remarkably, in contrast to the potentials with Gaussian
correlations (see above), all propagating modes with
n > Nloc = [(kd/π)(1− k20/k2)1/2]Θ(k − k0), (18)
exhibit the ballistic behavior. Since their mode trans-
mittance Tn = 1, such modes form a coset of completely
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transparent channels. As for other propagating modes
with low indices n ≤ Nloc, they remain to be localized for
large enough length size L when the condition (9) holds,
i.e. for W0L/16k
2
1
≫ 1.
The expression (18) determines the total number Nloc
of localized modes and total number Ntr = Nd − Nloc
of completely transparent modes. Since localized modes
do not contribute to the total transmittance (3), the lat-
ter is equal to the number Ntr of completely transparent
modes and do not depend on the waveguide length L,
〈T 〉 = [kd/π]− [(kd/π)(1− k2
0
/k2)1/2]Θ(k − k0). (19)
We remind that square brackets stand for the integer part
of the inner expression.
For k0 ≪ k the number of localized modes Nloc ≈
[(kd/π)(1−k2
0
/2k2)] is of the order of Nd. Consequently,
the number of transparent modes Ntr is small, or there
are no such modes at all. Otherwise, if k0 → k, the inte-
ger Nloc ≈ [
√
2(kd/π)(1−k0/k)1/2] turns out to be much
less than the total number of waveguide modes Nd, and
the number of transparent modes Ntr is large. When
k0 > k1, the number Nloc vanishes and all modes become
fully transparent. In this case the correlated disorder re-
sults in a perfect transmission of waves. One can see that
the value k0 is, in essence, the total mobility edge that
separates the region of complete transparency from that
where lower modes are localized.
In conclusion, we have studied quasi-1D waveguides
with a stratified disorder that has long-range correlations.
We have shown that with a proper choice of correlations
one can arrange a complete transparency of transverse
channels in a given frequency window of incoming waves.
It is worthwhile to emphasize a non-monotonic step-wise
dependence of the total transmittance (19) on the wave
number k. Specifically, within the region k < k0 for
fixed values of k0 (when W0Ld
2/16π2 ≫ (k0d/π)2 ≫ 1),
all propagating modes are transparent and the transmit-
tance exhibits step-wise increase with an increase of k.
Each step up arises for an integer value of kd/π when
new conducting channel emerges. This effect is simi-
lar to that known to occur in quasi-1D ballistic (non-
disordered) structures (see, e.g., [15]).
On the other hand, for k > k0 the transmittance re-
veals a step down decrease due to successive localiza-
tion of low modes. In contrast with the steps up, every
step down occurs at the local mobility edge of the cor-
responding channel, when the second term in Eq. (19)
takes the integer value. In general, these values do not
coincide with the integer values of kd/π, thus resulting
in a new kind of step-wise dependence for the transmit-
tance. Finally, for very large values k2 ≫ W0L/16, the
transmittance starts to increase again, due to a succes-
sive delocalization of the modes. Our results can be used
for fabrications of electron or optic nanodevices with a
selective transport.
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